In this paper it is consider the Portfolio Optimization Problem developed by Markowitz [11]. The basic assumption is that the investor tries to maximize his/her profit and at the same time, wants to minimize the risk. This problem is usually solved using a scalarization approach (with one objective). Here it is solved it as a bi-objective optimization problem. It uses a new version of the algorithm of Particle Swarm Optimization for Multi-Objective Problems to which it implemented a method of the stripes to improve dispersion.
Introduction
In real-world, there are many problems with several objectives that we aim to optimize simultaneously, an example is the Portfolio Optimization, in wich the investor want to maximize his/her profit and the same time minimize the risk. These problems are called "multiobjective" or "vector" optimization problems, and have been studied by many authors who have proposed a number of solution techniques [1, 4, 6, 12, 13] . The solution of a multiobjective optimization problem requires a suitable definition of "optimality" (usually called "Pareto optimality"). Such problems normally have not one, but an infinite set of solutions, which represent possible trade-offs among the objectives (such solutions constitute the so-called "Pareto optimal set", defined in Section 2). In these multiobjective optimization problems (MOPs) one wishes to optimize a vector function, say F (x) = (f 1 (x), . . . , f n (x)). A typical way to approach these problems is to transform the MOPs into single-objective (or "scalar") problems (e.g., by using a linear aggregating function). This approach indeed makes sense if the functions f 1 , . . . , f n are of the same type and expressed in the same units, but otherwise (for instance, if f 1 denotes distance, f 2 denotes time, and so on) the scalarized problem might be meaningless. Diverse metaheuristics have been adopted to solve MOP [1] - [3] , [5, 7] , hence it is reasonable use a heuristic, such as particle swarm optimization (PSO), to solve the portfolio optimization problem as a multiobjective problem. In this paper we use the Particle Swarm Optimization algorithm for multiobjective (MOPSO) [2] , and we use the stripes approach to improve this algorithm [14] . The rest of the paper is organized as follow, the next section MOP is presented, in section 3 an introduction to PSO is presented. The Portfolio Optimization Problem (POP) is presented in the section 4, some classical solution of the POP are in the section 5 . The data that we use and the result obtained is presented in sections 6 and 7. Finally in section 8 the conclusions and future work are presented.
The multiobjective optimization problem
Let X be a set and F : X −→ IR d a given vector function with components f i : X −→ IR for each i ∈ {1, . . . , d}. The multiobjective optimization problem (MOP) we are concerned with is to find x * ∈ X such that
where the minimum is understood in the sense of the standard Pareto order in which two vectors in IR d are compared as follows.
. . , d}. This relation is a partial order. We also write u ≺ v if u v and u = v. In this case we say that u dominates v. By example in Figure 1 point B dominates point E.
x is a Pareto optimal solution} is called the Pareto optimal set for the MOP (1) , and its image under F , i.e.
is called the Pareto front.
In Figure 1 the Pareto front corresponds to the parts on the boundary of F (X) joining the points A and B, and also the points C and D.
Here we say that x dominates y when F (x) ≺ F (y). Let Y ⊆ X and y ∈ Y . If there is no x ∈ Y , that dominates y , we say that y is nondominated (with respect to Y ). Observe that all the elements in the Pareto front are nondominated with respect to X.
Particle swarm optimization
Particle swarm optimization algorithm (PSO) was introduced by Kennedy and Eberhart in 1995 [8] is based on the interaction of a set of particles that correspond to possible solutions of an optimization problem, moving each particle in a numerical space looking for the optimal position. A particularity of PSO is that particles communicate and hence -as in a social system-a particle with a good position (measured by its objective function value) influences on the other ones, attracting them.
In the PSO algorithm a set of M particles is handled in a multidimensional space and it is intended to improve its performance according to its own experience and the experience of its neighbors. Indeed, each particle has three tendencies:
(i) to follow its present direction, following the particle's inertia,
(ii) to go back to its best historical position and (iii) to imitate its best neighbor.
Modeling PSO
If z m (t) represents the m-th particle, then its velocity in iteration t + 1 is defined as
where v m (t) is the direction of the preceding iteration, z m * is the best historial position ever obtained by particle m, z * is the best particle ever obtained during the algorithm, r 1 and r 2 are random numbers, and α is a parameter. So, we define the new position of particle m as
For more details about PSO see [8, 9] and for PSO for multiobjective problems see [1, 2] .
PSO with stripes
To solve the portfolio optimization problem as a multiobjective problem we use a new approach presented in [14] , call PSO with stripes (MOPSO-ST) that intent to solve the problem of the diversity of the MOP.
The portfolio optimization problem: Markowitz model
Here we present the Portfolio Optimization Problem developed by Markowitz [11] . The basic assumption is that the investor tries to maximize his/her profit and, at the same time, wants to minimize the risk. We consider a market where s different securities (i.e. stocks) are traded. These securities have prices p 1 , p 2 , . . . , p s at the initial time t = 0. We restrict ourselves to a one-period model. This means that the investor makes his decisions at the beginning of the period and is not allowed to revise his decisions until the end of the period. Let P 1 (T ), P 2 (T ), . . . , P s (T ) be the prices of the securities at the final time t = T , we assume that these final prices are not foreseeable. Therefore, they are modeled as non-negative random variables on a probability space (Ω, F, P).
The return of the stocks is given by the variables r 1 , r 2 , . . . , r s given by
Observe that r i is also a random variable. We assume that we know (or have estimated) their means, variances and covariances.
Using the variables x i for the share of the i−th security on the portfolio, we can calculate the return of the portfolio
with the restrictions on the shares
We have observed that the r i are random variables with means µ i and covariances
. Thus the return of the portfolio R p is a random variable as well, and its mean µ p is given by
We measure the risk contained in the portfolio by the variance of its return
We will also impose the constraints
where the c i are constants. Therefore, the investor wants to find a vector x = (x 1 , x 2 , . . . , x s ) that maximizes the mean return
and at the same time minimizes the risk
subject to the constraints
Thus, we have the next definition.
Definition 2 The classical portfolio optimization problem (POP) with two objective functions is to find the vector
0
Classical solution
The classical way to solve this problem is by solving a single-objective (or scalar) problem, (see for example, [10] ). One can also consider several variants of (5). For instance we may require a lower bound (R c ) on the mean return, and then choose the portfolio with minimal variance, that is
Alternatively, one can consider the dual problem of setting up an upper bound (σ c ) on the portfolio variance, and then maximize the mean return.
In any of these two forms of the POP, we usually find a single point of the Pareto front. (see Figure 2) . Still another variant of the POP is
Again, the solution of this single-objective problem gives only one point of the Pareto front, and the investor does not have the option to select another portfolio with a similar risk and/or a better return. This situation is illustrated in Figure 2 , which shows a classical Pareto front for the POP.
If the value of σ c is close to 0, we can see that a small increase in the risk can give a much higher return. In contrast, if σ 2 p is large, then to obtain a small increase in the return requires a large increase in the risk. In the single-objective formulation of the POP, the investor cannot appreciate these subtleties. 
The data
To test our algorithm we took 20 securities (i.e. s = 20) from the "Mexican Stock Market" (BMV = Bolsa Mexicana de Valores). These securities appear in the "Index of Prices and Quotations" (IPyC = Indice de Precios y Cotizaciones). We took the prices of the 20 stocks for 100 days, see Table 1 ; the whole data is in [14] . Then we calculated the return of each security, for each day, using equation (2) . See Table  2 , in [14] are the whole data.
To compute estimates of the mean returns and the covariances in (3) we used 5−day moving averages, that is, using the data from day n − 4 to day n with n = 5, 6, . . . , 100. This procedure gave us 95 matrices of order 21 × 20 whose first row are the mean returns. An example of these matrices appears in Table 3 .
Then to these data we applied the ST-MOPSO algorithm, see [14] , to obtain a Pareto front for each of the 95 matrices. In each case we used the constraints c i = 0.2 for all i = 1, . . . , s.
The results
To apply the results obtained in the previous section, the idea was to use the 5-day data to decide the portfolio for the sixth day. Hence for each of the 95 matrices we tried to obtain a Pareto front with 100 points. The Table 4 is an example of the resulting solution, and Figure 3 shows the corresponding graph. (Appendix B contains all the graphs). The solutions tell us, according to the POP, the fraction (or the share (in percent)) of our wealth that we should invest in each of the 20 securities.
Since each of the 100 points in the Pareto front is a possible portfolio, handling this information turns out to be quite complicated. Therefore, we sorted the solutions according to their risks and took only three solutions per day: the solution with the minimal risk, the solution with the maximal risk, and a solution with a medium risk. Then we computed the return of for day 6 of these 3 solutions using equation 4, and we compared the return of these three solutions with the return of the IPyC of the BMV. The results are shown in Table 5 . To see how this would work in a real situation, we did an experiment beginning with "one unit" of investment (say, one peso) and following the corresponding wealth day-perday; that is, every day we multiply the current value by 1 + r to obtain the value of our investment the day after. The results are shown in the Table 6 and their graphical representation appears in Figure 4 . It can be seen that each of our three solutions gives a better return than the IPyC-in some cases the return is up to 8% above the IPyC return (day 72 of Table 6 ). Only in the last few days our solutions were similar to the IPyCperhaps because the IPyC was behaving "optimally". For instance, from the Table 6 . 4 we can see that the IPyC return of 21.1% is very close to our solutions with minimal and maximum risks, 20.7% and 21.0%, respectively, but below the 24.6% given by our medium risk solution. 
Conclusions and future work
In this paper we applied the ST-MOPSO algorithm to the Markowitz' portfolio selection problem. As shown in section 7 our results seem to be quite good. But of course before reaching any conclusions we need to do more experimental work. For instance, we do not really know how good are our 5-day moving averages. It would be interesting (and important!) to determine how sensitive our results are to the length of the moving averages.
